We explore some aspects of holographic dual of Boundary Conformal Field Theory (BCFT). In particular we study asymptotic symmetry of geometries which provide holographic dual of BCFTs. We also compute two-point functions of certain bosonic and fermionic operators in the dual BCFT by making use of AdS/BCFT correspondence.
Introduction
Extension of AdS/CFT correspondence [1] [2] [3] to the case of boundary conformal field theories (BCFTs) has recently been addressed in [4, 5] . The idea was to start with the standard AdS/CFT correspondence and to seek for a modification of the bulk gravitational theory such that the dual theory becomes a CFT defined on a space with a boundary.
Actually, the main idea of the AdS/BCFT construction of [4] is as follows: One may start with an asymptotically locally AdS geometry where we typically impose Dirichlet boundary on the metric as we approach the boundary. It is, however, possible to modify the geometry by imposing two different boundary conditions on the metric as one approaches the boundary. This procedure automatically implies that the boundary is divided into two parts. While in the first part, where the BCFT is supposed to live, we still impose the Dirichlet boundary condition; on the other part, the metric would satisfy the Neumann boundary condition. The interface between two parts is, indeed, the boundary of the space where the BCFT is defined.
More precisely, consider a gravitational model which admits an AdS vacuum solution. The simplest action contains Einstein-Hilbert action with a negative cosmological constant
where g and h are the bulk and boundary metrics, respectively. The second term is the Gibbons-Hawking boundary term [6] which is given by the trace of extrinsic curvature K = h ab K ab . S matter is a possible matter field one may add on the boundary. Following the above construction, the boundary is divided into two parts ∂M = N ∪ Q such that ∂Q = ∂N . The metric satisfies the Neumann boundary condition on Q. With this boundary condition the bulk geometry would also be modified in such a way that the gravitational theory lives only in a portion of the whole AdS space (see, for example, figure 1 ) . The modified geometry would provide a holographic dual for BCFT.
The variation of the action with respect to the metric leads to the following boundary terms
Here the last term came from the variation of the matter action defined on the boundary Q. While the metric satisfies the Dirichlet boundary condition on the subboundary N , we impose the Neumann boundary condition on subspace Q, which leads to the following constraint on the metric [4] :
When we add a constant matter field, the above equation reads 4) where the constant T may be interpreted as the tension of the boundary surface Q [4] . In practice, one may start with an asymptotically locally AdS d+1 solution parameterized by (z, y, x 1 · · · , x d−1 ) and then using the boundary condition (1.4), the boundary surface Q may be described by a hypersurface given by a curve f (z, y, · · · , x d−1 ) = 0. Although we could proceed with a complicated boundary, in what follows we will consider the simplest case where the CFT lives in a half space. More precisely we will consider the case where the BCFT lives on a d dimensional space parameterized by (y, x 1 , · · · , x d−1 ) for y ≥ 0. In other words y denotes the perpendicular distance from the boundary defined at y = 0.
Let us consider an AdS d+1 geometry in the Poincaré coordinates
Then the boundary Q is given by the following curve which is, indeed, a solution of the boundary condition (1.4)
With this boundary the AdS geometry is divided into two parts where the gravitational theory lives in the upper half of the geometry as depicted in figure 1 . This geometry provides a holographic description of a BCFT on the half space defined by (y, x 1 , · · · , x d−1 ) with y > 0. This is the model we will be mostly studying in this letter. It is the aim of this letter to further explore some aspects of AdS/BCFT correspondence. In particular we study asymptotic symmetry of geometries which provide holographic dual of BCFT. We also compute the two-point function of certain bosonic and fermionic operators in the BCFT, using AdS/BCFT correspondence. The resultant two-point functions agree with those in the literature of BCFT. Therefore this may be thought of as a nontrivial check for recently conjectured AdS/BCFT correspondence.
The letter is organized as follows: In the next section we shall study the asymptotic symmetry of geometries which provide holographic dual of BCFTs. In section three utilizing the holographic description, we compute the two-point function of a scalar operator in the dual BCFT. In section four we will redo the same computations for a fermionic operator. The last section is devoted to discussion. z N Q y=0 y=0 y Figure 1 : AdS geometry with a new boundary Q, which divides the space into two parts. While we impose the Dirichlet boundary condition on N , on Q the metric satisfies the Neumann boundary condition. The geometry provides holographic dual of a BCFT in half space. The boundary Q is given by equations (1.6).
Asymptotic symmetry
In this section we would like to study asymptotic symmetry of geometries which provide holographic dual of BCFTs. Following the general sprite of the AdS/CFT correspondence, one expects that the corresponding asymptotic symmetry will be the symmetry of BCFTs.
Although we can explore the asymptotic symmetry of a generic BCFT, we will address the question for the case where the dual BCFT lives in a half space. The corresponding geometry is, indeed, given in the previous section. Moreover for simplicity we will also assume that the boundary Q has zero tension, i.e. T = 0. In this case, the boundary Q is defined by the hypersurface y = 0 as shown in figure  2 .
We note that, although the asymptotic symmetry can be worked out for any dimensions, the interesting case would be a two dimensional BCFT where one expects that the symmetry enhances to a Virasoro algebra. Therefore, in what follows we will consider the two dimensional BCFTs.
To proceed, it is useful to define coordinates x ± = x 1 ± y in which the metric (1.5) becomes
and the boundary is defined by x + = x − . This would provide a holographic dual for a BCFT defined in the upper half plane.
To study the asymptotic symmetry, we perturb the above metric such that the fall off of the components of the resultant geometry satisfy the following boundary conditions [7] δg
as one approaches the boundary at z = 0. The asymptotic Killing vectors which leave the above conditions unchanged are given by [7] 
where T + , T − are arbitrary functions of x + and x − , respectively. Expanding these functions in the form of
results in two Virasoro algebras generated by L + n and L − n . Actually, since the above considerations are based on the tensorial relations, imposing the Neumann condition (1.3) does not impose any constraint on the generators given in (2.3). We note, however, that in general the above asymptotic Killing vectors may change the location of the boundary. More precisely, under the action of the above asymptotic Killing vectors, in leading order, x ± maps intox ± as follows
It is clear from (2.5) that the boundary defined by x + = x − , will not remain fixed by the generators of the asymptotic symmetry group. In order to keep it fixed, one needs to impose the following condition on the generators of the asymptotic Killing vectors
By making use of (2.4) one finds that L + n = L − n and thus the functions T ± (x ± ) are no longer independent. As a result, we find that the asymptotic symmetry of geometries which provides a holographic dual of BCFTs is effectively a copy of the Virasoro algebra. More precisely, the left and right moving modes are related, as expected.
We should mention that asymptotic symmetries of a theory of gravity in a background consisting of two patches of AdS3 spacetime glued together along an AdS 2 brane has been studied in [8] . The corresponding symmetry is generated by a single Virasoro algebra. We note that this is essentially the asymptotic symmetry of a geometry which could provide holographic dual for BCFT.
It is worth mentioning that the simple relation we have found between
, is a consequence of the simple boundary we have chosen, i.e. y = 0. Had we considered a more complicated boundary, L + n would be related to L − n in a more involved relation.
It is easy to generalize the above consideration to higher dimensions. Doing so, one finds that the asymptotic symmetry group is SO(1, d) which is the symmetry group of Euclidean d-dimensional BCFT.
Correlation functions of scalar field
Having discussed the holographic dual of BCFTs, it would be interesting to study correlation functions of different operators in the BCFT by making use of its holographic dual. Indeed, it is the aim of this section to evaluate the two-point function of a bosonic operator in an Euclidean BCFT in half space using its holographic dual. The corresponding bulk geometry, given in the previous section, is
which provides a holographic dual for the d dimensional BCFT in the half space parameterized by (y, x 1 , · · · , x d−1 ) with y ≥ 0. We recall that by construction, the above metric has two boundaries at z = 0 and y = 0; while we impose the Dirichlet boundary condition on the metric at z = 0, the metric satisfies the Neumann condition on y = 0. Let us consider a massive free scalar field in the background (3.1)
We would like to calculate the two-point function of the corresponding dual operator using the general rules of AdS/CFT correspondence. To do so, we will mostly follow the notation of [9] . The linear variation of the action (3.2) leads to the following boundary term
where n µ is a unit vector normal to the boundary. Since in our case the boundary is made of two parts ∂M = N ∪ Q defined by z = 0 and y = 0 surfaces, respectively, one arrives at
The boundary condition at z = 0 follows from the standard dictionary of AdS/CFT correspondence. Usually we impose the Dirichlet boundary condition at z = 0. Actually, in general, the asymptotic behavior of the scalar field as one approaches z = 0 may be recast to the following form
where ∆ is determined through equation m 2 − ∆(∆ − d) = 0. According to the dictionary of the AdS/CFT correspondence, φ 0 is interpreted as the source of a dual scalar operator, O, with scaling dimension ∆ in the dual conformal field theory. Moreover, the expectation value of the dual operator, O , is determined by φ (2∆−d) up to local counterterms. The corresponding two-point function is also given by
On the other hand, one should also impose a proper boundary condition on the other boundary, Q, at y = 0. In this case, one may impose either Dirichlet, Φ| y=0 = 0, or Neumann, ∂ y Φ| y=0 = 0, boundary conditions. Therefore, in order to find the two-point function of scalar operator O, one needs to solve the equation of motion with the above boundary conditions.
To proceed, we start with an ansatz
by which the equation of motion reads
where
. Therefore, one finds
and
where q is a constant and k 2 = ω 2 + q 2 . It is easy to solve these equations. In particular, for the Dirichlet or Neumann boundary conditions the solutions of the equation (3.10) are
where c 0 is a constant and the plus sign is for the Neumann boundary condition while the minus sign is for the Dirichlet one. Therefore, the most general solution for φ may be written as follows
where K ν (kz) is modified Bessel function and φ (0) ( ω, q) is the source of the dual operator. Note that in our notation d d k stands for d d−1 ωdq. Moreover, in order to normalize the source we have explicitly put a factor of k ν . An immediate consequence of the above expression for a general solution of the equation of motion is that in order for the solution to satisfy the desired boundary conditions, the source φ (0) ( ω, q) should be either an even or odd function with respect to q. More precisely, for Dirichlet condition Φ| y=0 = 0 one finds
while for Neumann boundary condition ∂ y Φ| y=0 = 0 we get
Therefore we have
where φ (0) ( x , y ) is the Fourier transform of the source φ (0) ( ω, q). Plugging this expression into the equation (3.12) we arrive at
where G( x, y; x , y , z) is the bulk-to-boundary propagator of the scalar field in the present of the boundary at y which can be expressed in terms of the bulk-toboundary propagator of the scalar field when there is no boundary, G 0 ( x, y; x , y , z), as follows:
G( x, y; x , y , z) = 1 4 G 0 ( x, y; x , y , z) ± G 0 ( x, −y; x , y , z) ± G 0 ( x, y; x , −y , z)
where the plus and minus signs are for the Neumann and Dirichlet boundary conditions, respectively. In our notation, the bulk-to-boundary propagator for the scalar field on the AdS space without a boundary, G 0 ( x, y; x , y , z), is
From this expression and utilizing the asymptotic behavior of modified Bessel function, one can read the two-point function by making use of the general rule given by the equation (3.6). The resultant two-point function is
Therefore the corresponding two function of the boundary CFT is found as follows
where X * 1,2 are images of X 1,2 with respect to the boundary, i.e. if X = (y, x) then X * = (−y, x). Defining
it is notable that the expression (3.20) may be written in the following form
Again the plus and minus signs correspond to the Neumann and Dirichlet boundary conditions, respectively. We note that the resultant two-point function has the expected form of the correlation function of scalar operators in BCFTs [10] . Therefore, one may want to conclude that reproducing the expected results for the correlation function from holographic dual could be thought of as a nontrivial check for the recently proposed AdS/BCFT correspondence [4, 5] .
Correlation functions of fermions
In this section, we study the two point function of a fermionic operator in the BCFT considered in the previous sections, using its gravity dual. To do so, we start with a fermionic field in the bulk whose action is
As it was shown in [11] the present of the boundary term is crucial to get a welldefined variational principle. Actually, this boundary term is also necessary for AdS/CFT to work [12, 13] 4 . In what follows, we will mostly follow the notation of [13] .
The corresponding equations of motion are
where γ µ are the Dirac matrices of d + 1 dimensional Euclidean space.
To solve the equations of motion, it is useful to decompose the spinor as ψ = ψ
(1 ± γ z )ψ. Using the equation of motion one finds [13] 
where a ± (k) are arbitrary spinors satisfying γ z a ± (k) = ±a ± (k). Moreover,
To proceed, we will have to impose proper boundary conditions on the spinors at the boundaries Q and N . For boundary N , we will follow the standard dictionary of AdS/CFT correspondence. More precisely, for m > 0, using the asymptotic behavior of the modified Bessel function near z = 0, one finds that ψ − diverges leading to the source term for the dual operator
where ψ − 0 is the source of the dual fermionic operator. By making use of this notation the solutions (4.3) read
So far we have considered the boundary condition at z = 0. Now we should also impose a proper boundary condition on the boundary Q at y = 0. Following the boundary condition on boundary N , it is natural to impose the Dirichlet boundary condition on ψ − at y = 0. Doing so one finds
Moreover, it turns out that the source would be an odd function with respect to q, (1 ± γ z ). Imposing the proper boundary condition the equation of motion can be solved leading to the following solutions:
(kz) (4.8)
with the conditionψ
. Now we have all the ingredients to compute the on-shell action. Indeed, plugging the solution into the action, the bulk term vanishes while from the boundary term, after adding a proper counterterm to subtract the divergent term, one finds
where A 0 is a numerical constant. Note that in comparison with the case where there is no boundary, in the above expression, the term qγ y is absent. We note, however, that it is possible to add this term to the equation, though the contribution of this term vanishes due to the fact that the source is an odd function with respect to q. Taking this comment into account one can Fourier transform the source to find
which may be written as
Here I (0) (y 1 , y 2 ) is the on shell action of the fermion for the case where the space has no boundary and is given by [13] :
From this result, we conclude that if we assume a coupling between the source and the dual operator as
then the two-point function of the dual operator in the boundary CFT can be written as a summation of four two-point functions of a CFT defined in the whole space without the boundary as follows:
Using the explicit expression for the two-point function of the CFT theory +m . (4.18)
Conclusions
In this letter we have explored some aspects of AdS/BCFT correspondence, including the asymptotic symmetry of geometries which are conjectured to provide the holographic dual of BCFTs. In particular, we have demonstrated that in the twodimensional BCFT, the corresponding asymptotic symmetry of the dual geometry is indeed two copies of the Virasoro algebra subject to a constraint relating the left and right moving generators. Using the general dictionary of AdS/CFT correspondence, we have also computed two-point functions of certain bosonic and fermionic operators in a BCFT, by making use of its holographic dual. The resultant correlation functions are in agreement with those in the literature of BCFT. Therefore, our results may be considered as a check for the newly proposed AdS/BCFT correspondence.
It should be mentioned that in our study we have considered the simplest examples in which the BCFT lives in half space (upper half plane in two dimensions). From the bulk theory point of view, the corresponding gravitational theory lives in a portion of AdS geometry space separated from other parts by a simple hypersurface given by y = 0. This is the hypersurface where the metric satisfies the Neumann boundary condition.
We have observed that in this simple holographic model, the two-point functions of the operators have a symmetric structure reminiscent of method of image in electrostatic. More precisely, the two-point function of the BCFT in half space can be written in terms of four two-point functions of the operators and their images in a CFT which is defined in whole space without any boundary.
Generalization to more complicated boundaries is straightforward, though a little bit tedious. In particular, one may consider a BCFT on a disc or strip. One would expect that in these cases, the method of image can be also used to write the corresponding two-point function though, the procedure is more involved.
